Introduction
Metallic structures excited by incident pulses radiate complex frequencies natural to the structures pulsed. These natural frequencies can be determined using integralequa.ion methods and boundary-value problem-formulation techniques, two classical analytical procedures. Integral equations, for example, have been used to find the natural frequencies of cylinders and the boundary-value problem formulation has been used in studying spheres. The integral-equation approach, however, can be applied to a wider variety of shapes than boundary-value problem formulation. Consequently, the majority of natural-frequency data available has been obtained using integral equations. Nonetheless, boundary-value-problem results are useful and are used in this study to examine the natural frequencies of prolate and oblate spheroids (ellipses rotated about their major and minor axes, respectively).
These spheroidal shapes axe 2 of the 11 different orthogonal coordinate systems for which the scalar wave equation is separable. The other coordinate systems include: rectangular, circular cylinder, elliptic cylinder, parabolic cylinder, spherical, parabolic, conical, ellipsoidal, and paraboloidal. For these 11 systems, there are only 3 finite-sized, constant-coordinate surfaces : the sphere (occurring in the spherical and conical coordinate systems), the prolate spheroid (occurring in the prolate spheroidal system), and the oblate spheroid (occurring in the oblate spheroidal system). Our intrvest in prolate and oblate spheroids arises from the fact that many weapons problems (e.g., electronagnetic scattering from missiles and aircraft) concern finite-sized bodies.
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While the natural frequencies of spheres have been tabulated extensive]} ( fc ' ,> * 4 the natural frequencies of prolate and oblate spheroids have not. Equations governing these frequencies can be determined, however, using a boundary-value problem-formulatior. technique analogous to that used in determining the natural frequencies of a sphen;.
Background Information
It is assumed here that the reader is familiar with the spherical coordinate system, but unfamiliar with the prolate and oblrte spheroidal coordinate systems (Figs. 1 and 2, respectively). Ellipses of various sizes are described in both the oblate and prolate systems by the parameter C. For the prolate system, £ ^_ 1, with 5*1 representing a needle and t, •* °-representing a sphere.
For the oblate system, 0 < 5 < o", with t = 0 representing a disc and £ -* « representing a sphere. The parameter n describes a system of hypexrbolas for both systems, and the variable if is equivalent to the right circular cylindrical coordinate system variable s. A degenerate case of both prolate and oblate spheroids is a sphere, occurring when the major find minor axes of the ellipse are equal.
Here, we are concerned with the source-free excitation of these finite sized bodies, with interest in both the transverse magnetic (TM) and transverse electric (TE) mode.* of oscillation. Because these natural modes have to satisfy the radiation condition at infinity, they must be outuavd-propagating modes. Hie radiation condition is automatically imposed on the natural-frequency model solutions for spheres and prolate and oblate spheroids.
Mien the sources of a field (thus, the field itself) do not van-with the coordinate 9, Maxwell's eqmtions, expressed in the rotationally symmetric coordinate system (u,v,rt), reduce to 
is separable into
where s is the separation constant and the quantities f,(u), f* 3 (v), h h./h , and h h./h are given in Tab.e 2. Also given u <p v (9) in the respective coordinate systems.
h h./h are fiiven in Tab.e 2. Also given in Table 2 are the solutions of Eqs. f?) and u <p v v « n * cos 6 v = r\ = cos 6 Table 2 . Useful relationships for use in Eqs. (8) and (9) and the characteristic solutions of these equations.
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The constant coordinate variable specifying a sphere is u=u Q =r o , that specifying a prolate spheroid is u=u -=£ , and that specifying an oblate spheroid is u=u^-C 0 . For B?tallic spheres and spheroids, the tangential electric fields on the metallic surface u*constant=u aTe zero. This constraint specifies the natural frequencies, as shorn in the following paragraph.
For ' iM fields (E ,E ,H ), the surface tangential electric field is E y . Using Eq. (2) and applying the boundary condition at the surface u ,
o The quantity hji =A satisfies Eq. (7), kith solutions given in Table 2 . Using Eq. (10) and the results in Tables 1 and 2 , we can show that the source-free TM excitation of a metallic sphere satisfies IF l'C»"l I =0
• tm In Eqs. (11) through (13), the radiation condition on the source-free solutions has been imposed on the appropriate U(u) functional behavior described in Table 2 [i.e., z«(kr) =hfV), R^Cc.0 = K^lc.O, and R^C-ic.iO * R^5 £-ic,iO] • Equation (11) is the well-known condition for determining the TM natural frequencies of a metallic sphere. ,-> Equations (12) and (13) are the not-so-well-known conditions for determining the TM natural frequencies of metallic prolate and oblate spheroids, respectively. These results can be inferred, however, from previous work 7-9 10-12 pertaining to metallic prolate and oblate spheroids with TM excitation. For TE fields (U ,H ,E ), the surface tangential electric field is E.. Using Eqs. (4) through (7), Tables 1 and 2 , and the condition E. = 0 at u=u "> E * jL U(uQ) V(v) = 0 .
Thus, from Table 2 , it is seen that the source-free TE excitation of a metallic sphere satisfies h (2) (kr ) = 0 , 
Numerical Studies
It is recognized, of course, that degenerate cases of both prolate and oblate spheroids can be spheres. A second degenerate case of a prolate spheroid is a needle, and a second degenerate case of an oblate spheroid is a disc. In this study using the boundary-value-problem approach, we are interested in the behavior of natural frequencies for spheroids between these two extremes. As noted earlier, others have presented 2-4 boundary-value-problem results for spheres, and ^proximate integral-equation results for prolate spheroids. "* The numerical studies reported here are meant to complement this previous work.
The numerical approach used in this analysis was to evaluate the spheroidal functions of complex argument c (c = ajv^IFi,) for a number of c values and to use optimisation procedures to determine those values of c that best meet the prescribed conditions. This approach has been used previously for the sphere.
Numerical results for the natural frequencies of a TM-excited, perfectly conducting prolate spheroid in an infinite medium are shown in Fig. 3 . The results shown are for the first layer of poles. Several shape factors are presented (spheroid major-to-minor axis ratios b/a of 1, 5, 10, and 100) to illustrate the dependence of the natural frequencies on object shape. As the eccentricity of the spheroids is enhanced ( -•* «•), the poles approach the asymptotic limit of poles for a thin cylinder, a result demonstrated in 4 13 previous studies. '
The boundary-value-problem results shown in Fig. 3 were compared with the integralequation results obtained by Marin, ** and the agreement was good. This can be seen by comparing Marin's integral-equation results with the boundary-value-problem results for
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the first layer of poles (see Tables 3 and 4) . Agreement is quite good, considering the different approaches used in determining the natural frequencies. 1,1,1,1,1,1,1 Unfortunately, numerical difficulties were encountered in solving the oblatespheroidal and the TE-excited prolate-spheroidal problems. A few poles could be found, but the overall layer structure could not be defined. Due to the large number of numerical problems encountered, this effort was terminated.
A number of attempts were made to attain reasonable answers to the problem of a TM-excited prolate spheroid with a sheath. However, after much effort with no discernible progress, this effort was abandoned. Several root-finding procedures ' were tried, but reasonable results were precluded by the numerical noise generated in formulating the spheroidal functions, the errors contributed by using a truncated matrix to approximate the infinite matrix, and the sensitivity of the root-finding procedures to noise.
Conclusions
This study demonstrates that the analytical expressions by which one can determine the TM and TE natural frequencies of prolate and oblate spheroids can be derived using the boundary-value-problem approach. Also, numerical results for the natural frequencies of > TM-excited, prolate-spheroidal, metallic object can be evaluated using 10- this technique. Moreover, these boundary-value-problem results compare favorablj' with previously obtained results based on integral equation formulation. Numerical difficulties, however, prevented obtaining natural frequencies for oblate spheroids, a TE-excited prolate spheroid, and a TM-excited prolate spheroid with a sheath. 
